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Emergent Dirac fermions in graphene

What differs graphene from a collection of carbon atoms?
The valley pseusospin (⇒ fermion doubling)
Time-reversal symmetry breaking at zero magnetic field
Pseudodiffusive charge transport and more ...
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A.Rycerz Nonstandard quantum interference



Introduction
Graphene rings
Graphene disks

Emergent fermions in graphene
Valleytronics in graphene
Breaking the valley degeneracy

Emergent Dirac fermions and valleys
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Tight-binding Hamiltonian:

HTBA =
∑
〈ij〉

[ tij (A)|i〉〈j |+h.c. ] ,

tij (A) = −t exp
[
i 2π

Φ0

∫ rj

ri
A · dr

]
,

t ≈ 3 eV, and Φ0 = h/e.

Envelope wavefunction:

Ψ(r) =

(
ψA
ψB

)
eiK·r +

(
ψ′A
ψ′B

)
eiK′·r.

For K -point and A = 0:

~vF
i

(
0 ∂x−i∂y

∂x +i∂y 0

)(
ψA
ψB

)
=E
(
ψA
ψB

)
,

with vF ≡
√

3
2 ta/~≈ 106 m/s, a= 0.246 nm.

A compact form: H0Ψ = EΨ, with H0 = vFσ · p, σ = (σx , σy ),
and p = −i~(∂x , ∂y ). For B 6= 0: p → p − e

c A.
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Valleytronics in graphene
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AR, Tworzydło, Beenakker, Nat. Phys. (2007)
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AR, PRB 81, 121404(R) (2010);
Khatibi et al., PRB 88, 195426 (2013).
Related: Fujita et al., APL 97, 043508 (2010)

Recher et al.,

PRB 76, 235404

(2007)

Gunlycke and White, PRL 106,
136806 (2011)
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Breaking the valley degeneracy
Lowest mode in constriction w/zigzag edges, domain walls in
BLG, etc. [⇒ not this talk ... ]

Aharonov-Bohm rings [⇒
Recher, Trauzettel, AR et al.,
PRB 76, 235404 (2007) ]

Related works:

Xu et al., Sci. Rep. 5, 8963 (2015); Culcer et al., PRL 108 126804 (2012); Pályi and

Burkard, PRL 106 086801 (2011); Recher et al., PRB 79, 085407 (2009); . . .
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The condensed-matter two-slit experiment

⇒ In metallic (or semiconducting) Aharonov-Bohm rings one
cannot neglect looped trajectories. This may effect the
oscillation period [ Sharvin and Sharvin, JETP Lett. 34, 272
(1981); Webb et al., PRL 54, 2696 (1985). ]
⇒ Fourier analysis necessary to determine the character of
interference in a given A-B ring.
[ Image from: Nazarov and Blanter, Quantum Transport: Introduction to Nanoscience,
Cambridge University Press (Cambridge, 2009). ]
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Aharonov-Bohm effect in graphene rings

⇒ In graphene A-B rings, experiments show oscillations with
the standard Φ0 = h/e period, and the magnitude ∆G ∝ G
(and also ∆G ∝ T−1/2), indicating the tunneling transport
regime [ Russo et al., PRB 77, 085413 (2008); Stampfer et al.,
Int. J. Mod. Phys. 23, 2647 (2009). ]
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A-B effect and valley polarization

AR, Acta Phys. Polon. A 115, 322 (2009).
Related works: Zarenia et al., PRB 81, 045431 (2010); Wurm et al.,
Semicond. Sci. Technol. 25, 034003 (2010); Schelter et al., PRB 81,
195441 (2010).
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A-B effect and valley polarization
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[ AR, Acta Phys. Polon. A 115, 322 (2009) ]

⇒ Tunneling regime (∆G ∝ G) reproduced in simulations when
disorder taken into account [Wurm et al. (2010)].

⇒ Frequency doubling upon inversion of valley polarity (in one
constriction only) not yet observed.

A.Rycerz Nonstandard quantum interference



Introduction
Graphene rings
Graphene disks

The Corbino disk in graphene
Trigonal warping in bilayer graphene
Magnetotransport in BLG disks

The Corbino disk in graphene
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Bottom left: AR, PRB 81, 121404(R) (2010). Right: Peters et al., APL
104, 203109 (2014).
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Magnetoconductance of the Corbino disk in MLG

Periodic, approximately sinusoidal, conductance oscillations
[ with the period Φ0 = 2(h/e)L, L = ln(Ro/Ri) ] appear if
|Φd | . Φmax

d = −(2h/e) ln(k0Ri), where Φd = πB(R2
o − R2

i ) and
k0 = |EF |/(~vF ). /⇒Similarly – for higher LLs. /

Conductance for the Dirac point (k0 → 0) reads
G = Gdiff +

∑∞
m=1 Gm cos(2πmΦd/Φ0), where Gdiff = 2g0/L,

Gm = 4π2(−)mmg0/(L2 sinh(π2m/L)), and g0 = 4e2/h.

[ AR, PRB 81, 121404(R) (2010); fig-s are for Ro/Ri = 10. ]
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Trigonal warping in bilayer graphene

Landauer conductivity
[Snyman & Beenakker,
2007], γ3 = γ4 = 0:

σbilayer = GL/W = 2σ0

Kubo conductivity [Cserti
et al., 2007], γ3 6= 0:

σbilayer = 6σ0 (!)

Experiment: [Mayorov et
al., 2011] σbilayer ' 5σ0.

[ σ0 = (4/π)e2/h – universal
conductivity of a monolayer. ]
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[55] Zhang et al., Phys. Rev. B 78, 235408 (2008).
[56] Li et al., Phys. Rev. Lett. 102, 037403 (2009).
[67] Dresselhaus & Dresselhaus, Adv. Phys. 51, 1 (2002).
[76] Malard et al., Phys. Rev. B 76, 201401(R) (2007).
[80] Kuzmenko et al., Phys. Rev. B 80, 165406 (2009).
[82] Taychatanapat et al., Nature Phys. 7, 621 (2011).

⇒ Novel phenomena governed solely by γ3 VERY desired!
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Grzegorz Rut & AR:
⇒ PRB 89, 045421 (2014)
⇒ EPL 107, 47005 (2014)
[ Notation: t ′ ≡ γ3 ]
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Magnetoconductance of BLG disk: t’=0

ΦD = πB(R2
o − R2

i ),

Φ0 = 2(h/e) ln(Ro/Ri),

GBLG
diff = 2GMLG

diff =
8e2

h
1

ln(Ro/Ri)
.

⇒ Oscillations magnitude at
the Dirac point:
0 6 ∆GBLG 6 2∆GMLG.

⇒ The oscillations vanish
(∆GBLG = 0) for
Ro/Ri ' [Rit⊥/(2~vF )]4/p,
with p = 1,3,5, . . . .

[ Grzegorz Rut & AR, J. Phys.: Condens. Matter 26, 485301 (2014). ]A.Rycerz Nonstandard quantum interference
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Magnetotransport in BLG disk: t’6=0

⇒ The excess conductance decays as Gdiff(t ′)−Gdiff(0) ∝ 1/B
above the crossover field B? ≈ 2~t ′/(eL).
⇒ However, the beats remain, with Tbeat ∝

√
B.

[ Grzegorz Rut & AR, unpublished. ]
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Conclusions & Acknowledgments

Both the conductivity scaling with a sample size and the
single-device magnetoconductance spectrum of BLG Corbino
disk may allow one to determine skew-interlayer hopping γ3.

A ’common wisdom’ saying that the trigonal warping has no
effect starting from few-Tesla fields is put in question.

Collaboration:

Grzegorz Rut (PhD student)

Funding:

Project web site: http://th.if.uj.edu.pl/∼adamr/sonata.html
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